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Many authors have studied the theory of integral inequalities on time scales (see, for example, \[[@CR1]--[@CR10]\]). In \[[@CR3]\], the following Opial inequality on time scales was established.
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In \[[@CR1]\], the authors established the following theorem.
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Main results {#Sec2}
============

In this section, we present our results.
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int _{0}^{h} \bigl\vert f^{k} \bigr\vert ^{\diamondsuit_{\alpha}} ( t )\diamondsuit _{\alpha}( t ) =& \int _{0}^{h} \bigl\vert f \cdot f^{k - 1} \bigr\vert ^{\diamondsuit_{\alpha}} ( t )\diamondsuit_{\alpha}( t ) \\ =& \int _{0}^{h} \bigl\vert f^{k - 1} f^{\diamondsuit_{\alpha}} + \alpha f^{\sigma}\bigl( f^{k - 1} \bigr)^{\Delta}+ ( 1 - \alpha )f^{\rho}\bigl( f^{k - 1} \bigr)^{\nabla}\bigr\vert ( t )\diamondsuit_{\alpha}( t ) \\ =& \alpha \int _{0}^{h} \bigl\vert f^{k - 1} f^{\diamondsuit _{\alpha}} + \alpha f^{\sigma}\bigl( f^{k - 1} \bigr)^{\Delta}+ ( 1 - \alpha )f^{\rho}\bigl( f^{k - 1} \bigr)^{\nabla}\bigr\vert ( t )\Delta t \\ &{}+ ( 1 - \alpha ) \int _{0}^{h} \bigl\vert f^{k - 1} f^{\diamondsuit_{\alpha}} + \alpha f^{\sigma}\bigl( f^{k - 1} \bigr)^{\Delta}+ ( 1 - \alpha )f^{\rho}\bigl( f^{k - 1} \bigr)^{\nabla}\bigr\vert ( t )\nabla t \\ \le&\alpha \int _{0}^{h} \bigl\vert f^{k - 1} f^{\diamondsuit _{\alpha}} \bigr\vert ( t )\Delta t + \alpha^{2} \int _{0}^{h} \bigl\vert f^{\sigma}\bigl( f^{k - 1} \bigr)^{\Delta}\bigr\vert ( t )\Delta t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \bigl\vert f^{\rho}\bigl( f^{k - 1} \bigr)^{\nabla}\bigr\vert ( t )\Delta t + ( 1 - \alpha ) \int _{0}^{h} \bigl\vert f^{k - 1} f^{\diamondsuit_{\alpha}} \bigr\vert ( t )\nabla t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \bigl\vert f^{\sigma}\bigl( f^{k - 1} \bigr)^{\Delta}\bigr\vert ( t )\nabla t + ( 1 - \alpha )^{2} \int _{0}^{h} \bigl\vert f^{\rho}\bigl( f^{k - 1} \bigr)^{\nabla}\bigr\vert ( t )\nabla t. \end{aligned}$$ \end{document}$$

Using Definition [1.3](#FPar3){ref-type="sec"}, we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int _{0}^{h} \bigl\vert f^{k} \bigr\vert ^{\diamondsuit_{\alpha}} ( t )\diamondsuit _{\alpha}( t ) \le&\alpha \int _{0}^{h} \bigl\vert \alpha f^{k - 1} f^{\Delta}+ ( 1 - \alpha )f^{k - 1} f^{\nabla}\bigr\vert ( t )\Delta t \\ & {}+ \alpha^{2} \int _{0}^{h} \bigl\vert f^{\sigma}\bigl( f^{k - 1} \bigr)^{\Delta}\bigr\vert ( t )\Delta t + \alpha ( 1 - \alpha ) \int _{0}^{h} \bigl\vert f^{\rho}\bigl( f^{k - 1} \bigr)^{\nabla}\bigr\vert ( t )\Delta t \\ & {}+ ( 1 - \alpha ) \int _{0}^{h} \bigl\vert \alpha f^{k - 1} f^{\Delta}+ ( 1 - \alpha )f^{k - 1} f^{\nabla}\bigr\vert ( t )\nabla t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \bigl\vert f^{\sigma}\bigl( f^{k - 1} \bigr)^{\Delta}\bigr\vert ( t )\nabla t + ( 1 - \alpha )^{2} \int _{0}^{h} \bigl\vert f^{\rho}\bigl( f^{k - 1} \bigr)^{\nabla}\bigr\vert ( t )\nabla t \\ \le&\alpha^{2} \int _{0}^{h} \bigl\vert f^{k - 1} f^{\Delta}\bigr\vert ( t )\Delta t + \alpha ( 1 - \alpha ) \int _{0}^{h} \bigl\vert f^{k - 1} f^{\nabla}\bigr\vert ( t )\Delta t \\ & {}+ \alpha^{2} \int _{0}^{h} \bigl\vert f^{\sigma}\bigl( f^{k - 1} \bigr)^{\Delta}\bigr\vert ( t )\Delta t + \alpha ( 1 - \alpha ) \int _{0}^{h} \bigl\vert f^{\rho}\bigl( f^{k - 1} \bigr)^{\nabla}\bigr\vert ( t )\Delta t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \bigl\vert f^{k - 1} f^{\Delta}\bigr\vert ( t )\nabla t + ( 1 - \alpha )^{2} \int _{0}^{h} \bigl\vert f^{k - 1} f^{\nabla}\bigr\vert ( t )\nabla t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \bigl\vert f^{\sigma}\bigl( f^{k - 1} \bigr)^{\Delta}\bigr\vert ( t )\nabla t + ( 1 - \alpha )^{2} \int _{0}^{h} \bigl\vert f^{\rho}\bigl( f^{k - 1} \bigr)^{\nabla}\bigr\vert ( t )\nabla t. \end{aligned}$$ \end{document}$$

We find that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int _{0}^{h} \bigl\vert f^{\sigma}\bigl( f^{k - 1} \bigr)^{\Delta}\bigr\vert ( t )\Delta t =& \int _{0}^{h} \bigl\vert f^{\sigma}\bigl( f \cdot f^{k - 2} \bigr)^{\Delta}\bigr\vert ( t ) \Delta t \\ =& \int _{0}^{h} \bigl\vert f^{\sigma}\bigl( f^{\Delta}f^{k - 2} + f^{\sigma}\bigl( f \cdot f^{k - 3} \bigr)^{\Delta}\bigr) \bigr\vert ( t )\Delta t \\ & {}\vdots \\ =& \int _{0}^{h} \bigl\vert f^{\sigma}\bigl( f^{\Delta}f^{k - 2} + f^{\sigma}f^{\Delta}f^{k - 3} + \cdots+ \bigl( f^{\sigma}\bigr)^{2} f^{\Delta}\bigr) \bigr\vert ( t )\Delta t \\ =& \int _{0}^{h} \bigl\vert f^{\sigma}f^{k - 2} + \bigl( f^{\sigma}\bigr)^{2} f^{k - 3} + \cdots+ \bigl( f^{\sigma}\bigr) \bigr\vert \bigl\vert f^{\Delta}\bigr\vert ( t )\Delta t \\ =& \int _{0}^{h} \Biggl\vert \sum _{n = 0}^{k - 2} f^{n} \bigl( f^{\sigma}\bigr)^{k - 1 - n} \Biggr\vert \bigl\vert f^{\Delta}\bigr\vert ( t )\Delta t. \end{aligned}$$ \end{document}$$

Similarly, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _{0}^{h} \bigl\vert f^{\rho}\bigl( f^{k - 1} \bigr)^{\nabla}\bigr\vert ( t )\Delta t = \int _{0}^{h} \Biggl\vert \sum _{n = 0}^{k - 2} f^{n} \bigl( f^{\rho}\bigr)^{k - 1 - n} \Biggr\vert \bigl\vert f^{\nabla}\bigr\vert ( t )\nabla t. $$\end{document}$$

Therefore, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int _{0}^{h} \bigl\vert f^{k} \bigr\vert ^{\diamondsuit _{\alpha}} ( t )\diamondsuit_{\alpha}t \le& \alpha^{2} \int _{0}^{h} \bigl\vert f^{k - 1} f^{\Delta}\bigr\vert ( t )\Delta t + \alpha ( 1 - \alpha ) \int _{0}^{h} \bigl\vert f^{k - 1} f^{\nabla}\bigr\vert ( t )\Delta t \\ & {}+ \alpha^{2} \int _{0}^{h} \Biggl\vert \sum _{n = 0}^{k - 2} f^{n} \bigl( f^{\sigma}\bigr)^{k - 1 - n} \Biggr\vert \bigl\vert f^{\Delta}\bigr\vert ( t )\Delta t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \Biggl\vert \sum _{n = 0}^{k - 2} f^{n} \bigl( f^{\rho}\bigr)^{k - 1 - n} \Biggr\vert \bigl\vert f^{\nabla}\bigr\vert ( t )\Delta t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \bigl\vert f^{k - 1} f^{\Delta}\bigr\vert ( t )\nabla t + ( 1 - \alpha )^{2} \int _{0}^{h} \bigl\vert f^{k - 1} f^{\nabla}\bigr\vert ( t )\nabla t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \Biggl\vert \sum _{n = 0}^{k - 2} f^{n} \bigl( f^{\sigma}\bigr)^{k - 1 - n} \Biggr\vert \bigl\vert f^{\Delta}\bigr\vert \nabla t \\ & {}+ ( 1 - \alpha )^{2} \int _{0}^{h} \Biggl\vert \sum _{n = 0}^{k - 2} f^{n} \bigl( f^{\rho}\bigr)^{k - 1 - n} \Biggr\vert \bigl\vert f^{\nabla}\bigr\vert ( t )\nabla t \\ = &\alpha^{2} \int _{0}^{h} \Biggl( \bigl\vert f^{k - 1} \bigr\vert + \Biggl\vert \sum_{n = 0}^{k - 2} f^{n} \bigl( f^{\sigma}\bigr)^{k - 1 - n} \Biggr\vert \Biggr) \bigl\vert f^{\Delta}( t ) \bigr\vert \Delta t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \Biggl( \bigl\vert f^{k - 1} \bigr\vert + \Biggl\vert \sum_{n = 0}^{k - 2} f^{n} \bigl( f^{\rho}\bigr)^{k - 1 - n} \Biggr\vert \Biggr) \bigl\vert f^{\nabla}( t ) \bigr\vert \Delta t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \Biggl( \bigl\vert f^{k - 1} \bigr\vert + \Biggl\vert \sum_{n = 0}^{k - 2} f^{n} \bigl( f^{\sigma}\bigr)^{k - 1 - n} \Biggr\vert \Biggr) \bigl\vert f^{\Delta}( t ) \bigr\vert \nabla t \\ & {}+ ( 1 - \alpha )^{2} \int _{0}^{h} \Biggl( \bigl\vert f^{k - 1} \bigr\vert + \Biggl\vert \sum_{n = 0}^{k - 2} f^{n} \bigl( f^{\rho}\bigr)^{k - 1 - n} \Biggr\vert \Biggr) \bigl\vert f^{\nabla}( t ) \bigr\vert \nabla t \\ \le&\alpha^{2} \int _{0}^{h} \Biggl( \bigl\vert f^{k - 1} \bigr\vert + \sum_{n = 0}^{k - 2} \bigl\vert f^{n} \bigl( f^{\sigma}\bigr)^{k - 1 - n} \bigr\vert \Biggr) \bigl\vert f^{\Delta}( t ) \bigr\vert \Delta t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \Biggl( \bigl\vert f^{k - 1} \bigr\vert + \sum_{n = 0}^{k - 2} \bigl\vert f^{n} \bigl( f^{\rho}\bigr)^{k - 1 - n} \bigr\vert \Biggr) \bigl\vert f^{\nabla}( t ) \bigr\vert \Delta t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \Biggl( \bigl\vert f^{k - 1} \bigr\vert + \sum_{n = 0}^{k - 2} \bigl\vert f^{n} \bigl( f^{\sigma}\bigr)^{k - 1 - n} \bigr\vert \Biggr) \bigl\vert f^{\Delta}( t ) \bigr\vert \nabla t \\ & {}+ ( 1 - \alpha )^{2} \int _{0}^{h} \Biggl( \bigl\vert f^{k - 1} \bigr\vert + \sum_{n = 0}^{k - 2} \bigl\vert f^{n} \bigl( f^{\rho}\bigr)^{k - 1 - n} \bigr\vert \Biggr) \bigl\vert f^{\nabla}( t ) \bigr\vert \nabla t \\ = &\alpha^{2} \int _{0}^{h} \Biggl( \sum _{n = 0}^{k - 1} \bigl\vert f^{n} \bigr\vert \bigl\vert \bigl( f^{\sigma}\bigr)^{k - 1 - n} \bigr\vert \Biggr) \bigl\vert f^{\Delta}( t ) \bigr\vert \Delta t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \Biggl( \sum _{n = 0}^{k - 1} \bigl\vert f^{n} \bigr\vert \bigl\vert \bigl( f^{\rho}\bigr)^{k - 1 - n} \bigr\vert \Biggr) \bigl\vert f^{\nabla}( t ) \bigr\vert \Delta t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \Biggl( \sum _{n = 0}^{k - 1} \bigl\vert f^{n} \bigr\vert \bigl\vert \bigl( f^{\sigma}\bigr)^{k - 1 - n} \bigr\vert \Biggr) \bigl\vert f^{\Delta}( t ) \bigr\vert \nabla t \\ & {}+ ( 1 - \alpha )^{2} \int _{0}^{h} \Biggl( \sum _{n = 0}^{k - 1} \bigl\vert f^{n} \bigr\vert \bigl\vert \bigl( f^{\rho}\bigr)^{k - 1 - n} \bigr\vert \Biggr) \bigl\vert f^{\nabla}( t ) \bigr\vert \nabla t. \end{aligned}$$ \end{document}$$

Consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g ( t ) = \int _{0}^{t} \vert f^{\diamondsuit_{\alpha}} ( s ) \vert \diamondsuit _{\alpha}s$\end{document}$. Then we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g^{\Delta}( t ) = \vert f^{\Delta}( t ) \vert $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g^{\nabla}( t ) = \vert f^{\nabla}( t ) \vert $\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vert f \vert \le g$\end{document}$, so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g ( t ) = \int _{0}^{t} \vert f^{\diamondsuit_{\alpha}} ( s ) \vert \diamondsuit_{\alpha}s \ge \vert \int _{0}^{t} f^{\diamondsuit_{\alpha}} ( s )\diamondsuit_{\alpha}s \vert = \vert f ( t ) - f ( 0 ) \vert = \vert f ( t ) \vert $\end{document}$.

The above inequality becomes $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int _{0}^{h} \bigl\vert f^{k} \bigr\vert ^{\diamondsuit_{\alpha}} ( t )\diamondsuit _{\alpha} \le& \alpha^{2} \int _{0}^{h} \Biggl( \sum _{n = 0}^{k - 1} g^{n} \bigl( g^{\sigma}\bigr)^{k - 1 - n} \Biggr) \bigl( g^{\Delta}\bigr) ( t )\Delta t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \Biggl( \sum _{n = 0}^{k - 1} g^{n} \bigl( g^{\rho}\bigr)^{k - 1 - n} \Biggr) \bigl( g^{\nabla}\bigr) ( t )\Delta t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \Biggl( \sum _{n = 0}^{k - 1} g^{n} \bigl( g^{\sigma}\bigr)^{k - 1 - n} \Biggr) \bigl( g^{\Delta}\bigr) ( t )\nabla t \\ & {}+ ( 1 - \alpha )^{2} \int _{0}^{h} \Biggl( \sum _{n = 0}^{k - 1} g^{n} \bigl( g^{\rho}\bigr)^{k - 1 - n} \Biggr) \bigl( g^{\nabla}\bigr) ( t )\nabla t \\ = &\alpha^{2} \int _{0}^{h} \bigl( g^{k} \bigr)^{\Delta}( t )\Delta t + \alpha ( 1 - \alpha ) \int _{0}^{h} \bigl( g^{k} \bigr)^{\nabla}( t )\Delta t \\ & {}+ \alpha ( 1 - \alpha ) \int _{0}^{h} \bigl( g^{k} \bigr)^{\Delta}( t )\nabla t + ( 1 - \alpha )^{2} \int _{0}^{h} \bigl( g^{k} \bigr)^{\nabla}( t )\nabla t \\ = &\alpha \biggl[ \alpha \int _{0}^{h} \bigl( g^{k} \bigr)^{\Delta}\Delta t + ( 1 - \alpha ) \int _{0}^{h} \bigl( g^{k} \bigr)^{\Delta}\nabla t \biggr] \\ & {}+ ( 1 - \alpha ) \biggl[ \int _{0}^{h} \alpha \bigl( g^{k} \bigr)^{\nabla}\Delta t + ( 1 - \alpha ) \int _{0}^{h} \bigl( g^{k} \bigr)^{\nabla}\nabla t \biggr] \\ = &\alpha \int _{0}^{h} \bigl( g^{k} \bigr)^{\Delta}\diamondsuit_{\alpha}+ ( 1 - \alpha ) \int _{0}^{h} \bigl( g^{k} \bigr)^{\nabla}\diamondsuit _{\alpha}= \int _{0}^{h} \bigl( g^{k} \bigr) ( t )^{\diamondsuit_{\alpha}} \diamondsuit_{\alpha}\\ =& g^{k} ( t ) | _{0}^{h} = g^{k} ( h ) - g^{k} ( 0 ) = \bigl[ g ( h ) \bigr]^{k} = \biggl[ \int _{0}^{h} \bigl\vert f^{\diamondsuit _{\alpha}} ( s ) \bigr\vert \diamondsuit_{\alpha}s \biggr]^{k}. \end{aligned}$$ \end{document}$$

By using Hölder's inequality with indices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p = \frac{k}{k - 1}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q = k$\end{document}$, we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \biggl[ \int _{0}^{h} 1 \cdot \bigl\vert {f^{\diamondsuit_{\alpha}} ( s )} \bigr\vert \diamondsuit_{\alpha}s \biggr]^{k} \le& \biggl[ \biggl( \int _{0}^{h} 1^{\frac{k}{k - 1}} \diamondsuit _{\alpha}s \biggr)^{\frac{k - 1}{k}} \biggl( \int _{0}^{h} \bigl\vert {f^{\diamondsuit_{\alpha}} ( s )} \bigr\vert ^{k} \diamondsuit_{\alpha}s \biggr)^{\frac{1}{k}} \biggr]^{k} \\ = & \biggl( \int _{0}^{h} \diamondsuit_{\alpha}s \biggr)^{k - 1} \biggl( \int _{0}^{h} \bigl\vert {f^{\diamondsuit _{\alpha}} ( s )} \bigr\vert ^{k} \diamondsuit_{\alpha}s \biggr) \\ = & \bigl( s |_{0}^{h} \bigr)^{k - 1} \int _{0}^{h} \bigl\vert {f^{\diamondsuit_{\alpha}} ( s )} \bigr\vert ^{k} \diamondsuit_{\alpha}s \\ = &h^{k - 1} \int _{0}^{h} \bigl\vert {f^{\diamondsuit_{\alpha}} ( s )} \bigr\vert ^{k} \diamondsuit_{\alpha}s, \end{aligned}$$ \end{document}$$ hence the proof is complete. □

Theorem 2.2 {#FPar10}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\omega ( t )$\end{document}$ *be positive and continuous on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$( 0,h )$\end{document}$, *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int _{0}^{h} \omega^{1 - q} ( t )\Delta t < \infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q > 1$\end{document}$. *For differentiable* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f: [ 0,h ] \to\mathbb{R}$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f ( 0 ) = 0$\end{document}$ *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int _{0}^{h} \bigl\vert {f^{k} } \bigr\vert ^{\Delta}\Delta t \le \biggl( \int _{0}^{h} \omega^{1 - q} \Delta t \biggr)^{\frac{k}{q}} \biggl( \int _{0}^{h} \omega \bigl\vert {f^{\Delta}} \bigr\vert ^{p} \Delta t \biggr)^{\frac{k}{q}}, $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p > 1$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{1}{p} + \frac{1}{q} = 1$\end{document}$.

Proof {#FPar11}
-----

We take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g ( t ) = \int _{0}^{t} \vert f^{\Delta}( s ) \vert \Delta s$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vert f ( t ) \vert \le g ( t )$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g^{\Delta}( t ) = \vert f^{\Delta}( t ) \vert $\end{document}$, so we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int _{0}^{h} \bigl\vert {f^{k} } \bigr\vert ^{\Delta}\Delta t =& \int _{0}^{h} \Biggl\vert {\sum _{k = 0}^{n - 1} f^{k} \bigl( f^{\sigma}\bigr)^{n - 1 - k} } \Biggr\vert \bigl\vert {f^{\Delta}} \bigr\vert ( t )\Delta t \\ \le& \int _{0}^{h} \Biggl( \sum _{k = 0}^{n - 1} g^{k} \bigl( g^{\sigma}\bigr)^{n - 1 - k} \Biggr) \bigl( g^{\Delta}\bigr) ( t )\Delta t = \int _{0}^{h} \bigl( g^{k} \bigr)^{\Delta}\Delta t \\ =& g^{k} ( h ) - g^{k} ( 0 ) = g^{k} ( h ) = \biggl( \int _{0}^{h} \bigl\vert {f^{\Delta}} \bigr\vert ( t )\Delta t \biggr)^{k} \\ =& \biggl( \int _{0}^{h} \omega^{ - \frac{1}{p}} \omega ^{\frac{1}{p}} \bigl\vert {f^{\Delta}} \bigr\vert ( t )\Delta t \biggr)^{k} \\ \le& \biggl[ \biggl( \int _{0}^{h} \bigl( \omega^{ - \frac{1}{p}} \bigr)^{q} \Delta t \biggr)^{\frac{1}{q}} \biggl( \int _{0}^{h} \bigl( \omega^{\frac{1}{p}} \bigl\vert {f^{\Delta}} \bigr\vert \bigr)^{p} ( t )\Delta t \biggr)^{\frac{1}{p}} \biggr]^{k} \\ =& \biggl( \int _{0}^{h} \omega^{1 - q} \Delta t \biggr)^{\frac{k}{q}} \biggl( \int _{0}^{h} \bigl( \omega \bigl\vert f^{\Delta}\bigr\vert \bigr)^{p} ( t )\Delta t \biggr)^{\frac{k}{p}}. \end{aligned}$$ \end{document}$$ □

Theorem 2.3 {#FPar12}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\omega ( t )$\end{document}$ *be positive and continuous on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$( 0,h )$\end{document}$, *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int _{0}^{h} \omega^{1 - q} ( t )\nabla t < \infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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Conclusion {#Sec3}
==========

In this paper, we have obtained several Opial-type integral inequalities on time scales via the notion of the diamond-alpha derivative. These inequalities are related to the function $\documentclass[12pt]{minimal}
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